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We show that for every e>0 almost every graph G~d(n, p) is such that if 
log n log n 
(1 + ~) io"o~< r < (2- ~) log d 
where d = l/q, then G contains a maximal induced tree of order r. 
1. Introduction 
Let us consider the probabil i ty space ~d(n, p) consisting of all g~aphs on n 
labeled vertices where each edge occurs with probabil ity ,:9 = 1 -q ,  independeotly 
of all other edges. The aim of this note is to find such natural numbers which are 
likely to occur as orders of maximal induced -;tees contained in a graph G e 
~d(n, p) when 0 < p < 1 is fixed. By a maximai nduced tree we mean an induced 
tree which is not properly contained in any other tree. 
A similar problem devoted to maximal complete subgraphs of G was consi- 
dered by Bollobfis and Erd6s [2], who showed th~xt for every e >0 almost every 
(a.e.) graph G ~ ~d(n, p) is such that if 
, log n . . . . .  log n 
where b = I/p, then G contains a clique of order r. The largest integer for which 
a.e. graph G ~ ,~(n, p) contains a topologic~ complete r-graph was derived by 
Bollob~s and Catlin [1]. Let us remark that some bounds of the orders of maximal 
induced trees in a graph G~(n,p)  for p>.0.06 have ~lready been given by 
Karofiski and Palka (se,~ 1"4, 5]). 
In Section 2 we give an upper bound for the order ot an induced star in a 
random ivaph. This result (which may have interest on its own) is used in proving 
the main theorem'~ presented in Section 3. An open problem wiIh a discussion is 
given in the last part oi  this paper. 
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2. A lemma 
Here we will consider the existence of an induced (1, r)-tree in a graph 
G ~ ~3(n, p). By a ( l ,  r)-tree we mean a complete bipartite graph Kt,. which has 
two vertex classes of 1 and r vertices, respectively (such a ~aph is often called a 
star). Let the vertex from the first class be called the :'oot of the star. "To simplify 
the notation we shall put b = 1/p and d = 1/q. The following iemma v~ill be useful 
in proving our main results giuen in Section 3. 
Lemma. For every e>0 and 2~r~(2-~)  (log n)/(l,)g d) a.e. grap/~ GE~3(n, p) 
contains an induced (1. r)-tree. 
Proof. Let X, denote the number of induced (1, r)-trees in a graph G ~ ~3(n, p). 
The expectation of X, is 
(n - l )  
E, = E(X,)  = n p'q~'~. 
r 
To find the second moment of X,, which is the stun of the probabilities of ordered 
pairs of Kt., we have to consider two different situations. First let u'; ,qssurae that 
two Kl.,'s have the same root and vertices from the second classes have l 
t0 ~< !~ r) common elements. The probability of such event is 
pl(I) = p2r - lq2t ' ? - (~.  
Further, one can choose 
'-3 r r - I  
ordered pairs of such Kt.,'s. Secondly, two (1, r)-trces can have dif~rent roots. 
Then the following three possibilities hould be tak,m into the co~rsideration: 
(i) The roots are not connected by an edge and ve:'tices from the :.::cond classes 
have l (0 ~ ! <~ r) common elements; there ar-. 
r _ l  r) a2(~) 
ordered pain  of such Kl., 's and the proLability of each is 
P2(I) := p2,q 2~-~-~q. 
(ii) The roots arc connected and the edge joining them ~elongs to erie of K~.,'s; 
there are 
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ordered pairs of such Kl., 's and the probability of each is 
Pa = p2,q:z(~). 
Off) The roots are connected and the edge joining them belongs to both ~l., 's; 
there are 
n' n -2  n - l - r  
ordered pairs of such KL,'s and the probability of each is 
P4 = p2,-- tq2(9. 
Therefore 
E(X  2) = aap3+ a4p4 + ~" [ at(l)pl(I) + a2(l)p2(l)] 
1=0 
1 o(- 1 + l: +,,. :. 
L ,,till i= l  
Thus, denoting the variance of X, by or, 2 we have for sufficiently large n 
(;)(.-,-,) 
,7 2, E ( X 2, ) ~ ,,-  I 
__= .: - 1 <~o(1)-4- d,H)12(bln-! + 1) 
<~o(1)+ r2~n-'b~dV"-W2=o(1)+ ~ Fo 
I~I I , : l  
Now if n is sufficiently large and 2~ < 1 ~< r -  l, then 
FI<F2+F,_,. 
Consequently 
Prob(X, 2 2 - = 0) < o' , /E,  <t ' t  + F, + r(F2+ F , -0  = o(1) 
for all 2~<r~<(2-e)( log n)/(log d) and large n. This completes the proof of the 
lemma. 
Let us see that only one more step is necessary to show that the largest order of 
an induced star in a.e. graph G 6 ~(n, p) is 
log n 
2 lo~ +o(log n). 
As a matter of fact, 
log n 
Prob(X, >I l) ~< E(Xr) = o(1) for all r >I (2 + e) log'--d '
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3. M~in ~dts  
Let t(G) denote the order of the smallest maximal induced tree of a graph G. 
Theorem 1. For every e>O a.e. graph G~(n ,  p) satisfies 
log n log n 
(1 - ~) io--~, d < t(G) < (1 + e) . log d 
Proof. Let Y~ denote the number of maximal induced trees of order r" in a graph 
G e ~d(n, p). Let 
log n 
k = (1 -  e) log d . 
Then 
Prob t (G)~(1-e) , - -22~_ ~ l=Prob  (Y~>0) ~ ~ E(Y,). 
i i=1  
Now, for any 1 <~i<~ k and sufficiently large n we have 
E( y~) = (7)( l - ipq'-'),,-'i'-2p'-'q"-'~,'-2'/2 
n i 
~---< i! exp[ -  (n -i)ipq~-~]i~ 
~{n exp[ -npq i-t  + i/xl i-1 + 1]} i
~< { n exp[ -  npq k ~ + 2]} ~ < n -'~. 
Thus 
log n "~ 
Prob~ ttG) ~< (1 - e) io---'~ J = o(1) 
which proves the left hand side of the desired inequality. Now we show that a.e. 
graph G c~(n, p) contains a maximal induced tree of order less than ( l+e)  
(log n)/(logd). From our Lemma we can deduce that a.e. graph G c ~(n, p) 
contains at least one induced (1, r)-tree, where 
log n_~ (1 +3') log log n 
r = (1) 
log d log d ' 
and 3' >0 is a constant. It is easy to see that this tree is the maximal tree. A ;  a 
matter of fact, the probabil ity that there is a vertex in t ae graph O connected with 
exactly one vertex belonging to the tree is at least 
(n - r - 1)~t q- 1)pq' ~< (log n)-'¢(1 + o(1)), 
when r is given by (1). This completes the proof of the theorem. 
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Now, let T(G) denote the order, _.~:" the largest induced tree of a graph G. Then 
the following result holds. 
Theorem 2. For ever5 e>0 a.e. graph G ~.C~(n, p) sati#ies 
log n log n 
(2 -e )  l~gd<T(G)<(2+e)  . 
log d 
l~roof. The ;eft hand side of above inequality,, follows immediately from our 
Lernma. Now let Zk denote the number of i,.iduced trees of order k. Let "as take 
k =: (2+ e) log n 
log d" (2) 
Then 
k-2_k - l _ (k - l ) (k -2 ) /2  
<~ nkekpk-', q(k- 1)(k-2)/2 < (C n-'/2) k 
where c is a constant. TFms a.e. graph G e ~(n, p) contains no induced tree of 
order k g;ven by (2). 
Since the largest 'tree is at the same time the largest maximal tree, so we can 
formulate the following corollary of Theorems 1 and 2. 
CoroUmT. Given e >0 a.e. graph G~(n ,  p) is such that i[ 
, log n ~ log n 
(l + e~ l~g d<-r <(2 -e )  log d ,  
then G contains a maximal induced tree o[ order r, but G does not contain a 
maximal ir!duced tree of order less than (1-e)( log n)/(Iogd) or greater than 
(2 + e)(log n)/(log d). 
4. An opeu problem 
Up to now the edge probability p was fixed. Now, let p be a function on n, i.e., 
p = p(n) and tends to zero as n---~oo. The following open problem is worth 
considenng. 
M lem.  Find such a value of the edge probability p for which ~ graph G 
@(n, p) has the greatest induced tree. 
As a con~'aent to this problem let us notice that Erd6s and R6ny,." have shown 
[3] that if A denote~; the number of vertices of the greatest tree contaioed in a 
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graph G ¢ qJ(n, p), then for p ~= 1/n 
lim Prob{A~ n~lo~(n)} = 0 
and 
lim Prob{a>~ n i /o (n )}  = 1 
where 00(n) is a sequence tending arbitrarily slowly to infinity. We are sure that 
for p = c/n, where c > l is a cc~nstant, a graph G ¢ q3(n, p) contains a tree of order 
n t-" (E >.0 is a constant) but we also conjecture more, namely that G ~ Cg(n, c/n) 
contains a tree of order 3,(c)n. where 3,(c) depends only on c. 
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